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EXTENDED BANACH G-FLOW SPACES ON DIFFERENTIAL 
EQUATIONS WITH APPLICATIONS 


LINFAN MAO 


ABSTRACT. Let VY be a Banach space over a field ¥. A G -flow is a graph 
G embedded in a topological space .Y associated with an injective mappings 
L:u” > L(u”) € ¥ such that L(u”) = —L(v") for V(u,v) € X (G) holding 
with conservation laws 
SS L(v") =0 for wev(G), 
ueNG(v) 


where u” denotes the semi-arc of (u,v) € X (), which is a mathematical 
object for things embedded in a topological space. The main purpose of this 
paper is to extend Banach spaces on topological graphs with operator actions 
and show all of these extensions are also Banach space with a bijection with 
a bijection between linear continuous functionals and elements, which enables 
one to solve linear functional equations in such extended space, particularly, 
solve algebraic, differential or integral equations on a topological graph, find 
multi-space solutions on equations, for instance, the Einstein’s gravitational 
equations. A few well-known results in classical mathematics are generalized 
such as those of the fundamental theorem in algebra, Hilbert and Schmidt’s 
result on integral equations, and the stability of such G-flow solutions with 
applications to ecologically industrial systems are also discussed in this paper. 


1. INTRODUCTION 


Let Y be a Banach space over a field ¥. All graphs G, denoted by (V(G), x(G)) 
considered in this paper are strong-connected without loops. A topological graph 
G is an embedding of an oriented graph G in a topological space @. All elements 
in V(G) or X (G) are respectively called vertices or arcs of (ee 

An arc e = (u,v) € x(G) can be divided into 2 semi-arcs, i.e., initial semi-arc 
u” and end semi-arc v“, such as those shown in Fig.1 following. 
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Fig.1 
=> => 
All these semi-arcs of a topological graph G are denoted by X < (Gc). 


A. vector labeling G4 on G isal—1 mapping L: G — ¥ such that L: wu? > 
L(u”’) € ¥ for Vu’ € X1 (c), such as those shown in Fig.1. For all labelings Gt 


= 
on G, define 


G4 G2 = Gitte and AGE = G™. 
Then, all these vector labelings on G naturally form a vector space. Particularly, 
=> => => 
a G-flow on G is such a labeling DL: wu? > VY for Vu? € Xa (G) hold with 
L(u”) = —L (v") and conservation laws 
S> L(v") =0 
u€ENg(v) 


= 
for Vv € V(G), where 0 is the zero-vector in Y. For example, a conservation law 


for vertex v in Fig.2 is —L(v"") — L(v?) — L(v"8) + L(u™4) + L(v™*) + L(v™*) = 0. 


Fig.2 


Clearly, if Y = Z and @ = {1}, then the G-flow GY is nothing else but the network 
flow x(G@) —+ Zon G. 

Let GE, Gh, Gls be G-flows on a topological graph G and € € ¥ a scalar. 
It is clear that Gh + Gl and €- Gt are also G-flows, which implies that all 
conservation G-flows on G also form a linear space over ¥ with unit Ge under 
operations + and -, denoted by C%, where G° is such a G-flow with vector 0 on 
u” for (u,v) € X (G), denoted by O if G is clear by the paragraph.. 

The flow representation for graphs are first discussed in [5], and then applied 
to differential operators in [6], which has shown its important role both in mathe- 
matics and applied sciences. It should be noted that a conservation law naturally 


nos 
determines an autonomous systems in the world. We can also find G-flows by 
solving conservation equations 


> L(v*) =0, vev(G). 


ue Na(v) 
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Such a system of equations is non-solvable in general, only with G-flow solutions 
such as those discussions in references [10]-[19]. Thus we can also introduce G-flows 
by Smarandache multi-system ((21]-[22]). In fact, for any integer m > 1 let (5; R) 
be a Smarandache multi-system consisting of m mathematical systems (41; 71), 
(Xo; Re), +++, (Um; Rm), different two by two. A topological structure GX [5] 


on (5:) is inherited by 
V (ct [=; R] ) = {01,25 4a} 


E (ct [=; ®] ) = {(D;,E,) Ei MD; 40, 1 <i Fj < m} with labeling 

L: y; 2 L(S;) = dj and L: (X4, 45) > D(4;,4;) = U(X; 
for integers 1 <i Aj < mM, ie., a topological vertex-edge labeled graph. Clearly, 
Gt 5: isa G-flow if &; (|x; =v € ¥ for integers 1 < 1,7 <m. 

The main purpose of this paper is to establish the theoretical foundation, i.e., 
extending Banach spaces, particularly, Hilbert spaces on topological graphs with 
operator actions and show all of these extensions are also Banach space with a 
bijection between linear continuous functionals and elements, which enables one to 
solve linear functional equations in such extended space, particularly, solve algebraic 
or differential equations on a topological graph, i.e., find multi-space solutions for 
equations, such as those of algebraic equations, the Einstein gravitational equations 
and integral equations with applications to controlling of ecologically industrial 
systems. All of these discussions provide new viewpoint for mathematical elements, 
i.e., mathematical combinatorics. 

For terminologies and notations not mentioned in this section, we follow refer- 
ences [1] for functional analysis, [3] and [7] for topological graphs, [4] for linear 
spaces, [8]-[9], [21]-[22] for Smarandache multi-systems, [3], [20] and [23] for differ- 
ential equations. 


a= 
2. G-FLOW SPACES 


2.1 Existence 


Definition 2.1. Let Y be a Banach space. A family V of vectors v € ¥ is 
conservative if 
Y v=o, 


veV 
called a conservative family. 


Let VY be a Banach space over a field F with a basis {a1, @2,+-- ,Qaimy}. Then, 
for v € V there are scalars 27, 23,--* ,2Yimy € F such that 


Consequently, 
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implies that 


S- xy =0 
veV 
for integers 1 <i < dimY. 
Conversely, if 
So ey =U, 1 <i <dimy, 
veV 


define 
dimyY 


v= y Ly Qi 
j=l 


and V = {v’, 1 <i <dimY}. Clearly, > v =0,i-e., V isa family of conservation 
veV 
vectors. Whence, if denoted by zY = (v, a;) for Vv € V, we therefore get a condition 


on families of conservation in VY following. 


Theorem 2.2. Let Y be a Banach space with a basis {a1,Q2,--- ,Qdimy}. 
Then, a vector family V C ¥ is conservation if and only if 


a (v, aj) = 0 


veV 
for integers 1 <i < dimY. 
For example, let V = {vi, v2, v3, v4} C R? with 
Vvi= (1, 1, 1), v2 >= (i 1, 1); 
V3 = (1, —l, =); V4 = (15 —l, =) 


Then it is a conservation family of vectors in R°. 
Clearly, a conservation flow consists of conservation families. The following result 
establishes its inverse. 


Theorem 2.3. A G-flow Gt exists on G if and only if there are conservation 
families L(v) in a Banach space Y associated an index set V with 
L(v) = {L(v") € V for some u € V} 
such that L(v“) = —L(u”) and 
L(v) ( \(—L(u)) = L(v") or 0. 


Proof Notice that 


an 
for Vu EV () implies 
L")=- SY) Lv”). 
weNe(v)\{u} 
Whence, if there is an index set V associated conservation families L(v) with 


L(v) = {L(v") € ¥ for some u € V} 
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for Vv € V such that L(v“) = —L(u") and L(v)()(—L(u)) = L(v") or 0, define a 
=> 
topological graph G by 


v (G) =V and X (¢) = Jf, w Lo") € L(v)} 


vEV 


=> => 
with an orientation v — u on its each arcs. Then, it is clear that G is a G-flow 
by definition. 
pa pes => 
Conversely, if G” is a G-flow, let 


L(v) = {L(v") € ¥ for V(v,u) € X (G)} 


for Vu € V (Gc). Then, it is also clear that L(v), vu € V (¢) are conservation 


families associated with an index set V = V (¢) such that L(v, uw) = —L(u,v) and 


2 
Liv") if wu) ex (G 


LONE Helle: 0 if(vuy¢x(G 


by definition. 


Theorems 2.2 and 2.3 enables one to get the following result. 


Corollary 2.4. There are always existing G-flows on a topological graph G with 
weights Av for v € Y, particularly, A.a; on Ve € X (¢) if |X (¢) | >|V (¢) +1. 


Proof Let e = (u,v) € X (¢). By Theorems 2.2 and 2.3, for an integer 


1<i<dim’%, sucha G-flow exists if and only if the system of linear equations 


YS Awa =0, veVv(G) 


ueV(G) 


is solvable. However, if 


— > 
XxX (¢) | > lv (c) | +1, such a system is indeed solvable 


by linear algebra. 


= 
2.2 G-Flow Spaces 


Define 
|e|= SS ey 


(uv)ex(G) 
=> =>, 
for VG" € G”, where ||L(u”)|| is the norm of F(u”) in Y. Then 
(1) |e-| > 0 and |e-| = 0 if and only if G = G° =O. 


(2) |ee| =€ |e-| for any scalar €. 
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(3) jen 4+G2|| < en + Keka because of 
=> => 
ee + G% > [Lr(u”) + Lo(u’)|| 
(uv)ex(@) 
=> => 
< iw i+ YS tee yi =|e"]+]e" 
(uv)ex(G) (uv)ex(G) 
Whence, || - || is a norm on linear space La 


Furthermore, if ¥ is an inner space with inner product (-,-), define 


(G5,G)= $7 (Ei(u"), Lau”)). 


Then we know that 


(4) (G4, Co = SY (Lu), L(u%)) >0 and (GE, G*) = 0 if and only 
(uv)ex (G) 
if L(u”) =0 for V(u,v) € XG); ie, GE=O 
(5) Gli Gl = (Gi, Gh) for VGh, Gls & GY because of 
(G4,G%) = S3 (ilu"), atu") = Ta) Ta) 


(uv)ex(G) (uv)ex (G) 


(uv)ex (G) 


(6) For G’,G™, G2 € G”, there is 
Ge 4 Ge, 8) 


because of 
(Gh + 4G", G") =( 
= So (ALi (u”) + wLo(u”), L(u”)) 


(u,v)EX(G) 


= S > (ALa(u”), L(u”)) +S (we (u”), E(u”) 


(u,v)EX(G) (u,v)EX(G@) 
ce Gr) a (GPP, Gr) 
= (G84) 4 (B44), 


> 


ALi 4 Guile G") 


=. 
Thus, G” is an inner space also and as the usual, let 


[er=avene) 
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ms Ay wee : 
for G’ € G”. Then it is a normed space. Furthermore, we know the following 
result. 


Theorem 2.5. For any topological graph G, G” is a Banach space, and 
a 
furthermore, if Y is a Hilbert space, G” is a Hilbert space also. 


Dy. ; : 
Proof As shown in the previous, G” is a linear normed space or inner space 
if Y is an inner space. We show that it is also complete, i.e., any Cauchy sequence 


=> => => 
in G” is converges. In fact, let {G eet be a Cauchy sequence in G”. Thus for 
any number ¢ > 0, there always exists an integer N(e) such that 
jaa 
ifn,m > N(e). By definition, 
| En(u") — Lm(u")|| < G2" - G4" |] <e 
ie., {Z,(u”)} is also a Cauchy sequence for V(u,v) € X (c), which is converges 


on in ¥ by definition. 
Let L(u”) = lim L,(u”) for V(u,v) € X (¢). Then it is clear that 


=> => 
lim: Giea Ge, 
n—oco 
AL DAV Rees 
However, we are needed to show G* € G”. By definition, 


S> In(u”) =0 


vENaG(u) 
for Vue V (¢) and integers n > 1. Let n — oo on its both sides. Then 
lim S- L,(u’) = S- lim L,(u”) 


n— oo n—oco 


ve Na(u) veENg(u) 


= So Lu’) =0. 


veENG(u) 


Thus, Gt € Ga”. 


. . . pad AL AL . . 
Similarly, two conservation G-flows G“! and G“? are said to be orthogonal if 


=> => : 
(G iG 2) = 0. The following result characterizes those of orthogonal pairs of 


=H 
conservation G-flows. 


=> => => => => 
Theorem 2.6. Let G’',G"2 ¢ G”. Then G"' is orthogonal to G/? if and 
=> 
only if (L1(u”), Lo(u®)) = 0 for V(u,v) € X (G). 


Proof Clearly, if (Ly(u’), Lo(u”)) = 0 for V(u,v) € X (c), then, 


(GG) = Yr Lalu"), alu") 0, 


(uv)ex(G) 
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=> => 
ie., G/ is orthogonal to G??. 
=> => 
Conversely, if G1 is indeed orthogonal to G/?, then 


(eG) = So (Li(u?),L2(u’)) =0 


(uv)ex (G) 


by definition. We therefore know that (Li(u”), Lo(u”)) = 0 for V(u,v) € X (G) 
because of (L1(u”), Lo(u’)) > 0. 


Theorem 2.7. Let ¥Y be a Hilbert space with an orthogonal decomposition 
WY =V@®V°~ for a closed subspace V C Y. Then there is a decomposition 


=> 


G’ -Vev, 


where, 


=> =>. 
ie., for VG" € G”, there is a uniquely decomposition 
peeouk es 
. => => 1 
with Ly: X (G) + V and Ly: X (G) — Vv. 


Proof By definition, L(u’) € V for V(u,v) € X (G). Thus, there is a decom- 

position 
L(u®) = Ly(u") + Le(u") 
with uniquely determined Li(u”) € V but Lo(u’) € V+. 
=> => => => 
Let fe and [er be two labeled graphs on G with Li: X: (@) > V and 
=> L Ar Ar => 

Lg: Xi (c) — V~. We need to show that |G ] ; |G | € (GY). In fact, 


the conservation laws show that 


So Lu’) =0, ie, S>  (Li(u”) + Lo(u")) =0 


ve Na(u) veENg(u) 


for Vu € V (¢). Consequently, 


So E(u”) + SS Lo(u”) = 0. 


veNg(u) vENG(u) 
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Whence, 


l| 


Ly1(u”), S- 100) + S- La(u"), S- Lao) 


ve Na(u) veENa(u) 


L(u"), >> bao) + ( S> L2(u"), > Lo) 


ve Na(u) veENa(u) 


Iy(u”), >> Lc) + ( S> La(u”), So La) 
veENg(u) veENg(u) ve Na(u) ve Na(u) 
S> (Ei(u”), Lo(u’)) + $2 (La(u”), Li (u’)) 


veNa(u) veENG(u) 


S> In(u”), SO Ly) + ( Ss. ee baw) 


ve NG(u) ve NG (u) ve Na(u) ve Na(u) 


+ 


bs 


+ 


l| 


Notice that 


oe blu) 30 S> La(u”), So bau) 0. 
(u) (u) 


vENg(u) vENG veENG(u) veENG 


We therefore get that 


S> In(u”)=0 and SY) La(u’) =0. 


ve Na(u) veENG(u) 


Thus, [en] , [e*| € G”. This completes the proof. 


2.3 Solvable G-Flow Spaces 


Let G¥ be a G-flow. If for Vu € V (c), all flows L (v"),we N&(v) \ {ug} are 
determined by equations 


Fy ( L(v"); L(w’), we NG (v)) =0 


unless L(v“°), such a G-flow is called solvable, and L(v“°) the co-flow at vertex 


v. For example, a solvable G-flow is shown in Fig.3. 
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Fig.3 


A G-flow G is linear if each L (v*) ,ut € N&(v) \ {ug} is determined by 
L (v*) = S a,-L (u~°) : 
u- ENG (v) 


with scalars a,- € ¥ for Wu EV (¢) unless D (Ga , and is ordinary or partial 


differential if L (v“) is determined by ordinary differential equations 


Ly (oH <i< n) (Lo )L (u-") ju ENG (v)) = 


Ly (4: l<i< n) (Lo )L (u~°) su ENG (v)) =0 


o] 
7 


Fe => d : ) ; 
unless L (v" ) for'vv € V (G), where, Ly ao , Ly 5 sl<i<n 
Ly vj 
denote an ordinary or partial differential operators, respectively. 


as 
Notice that for a strong-connected graph G, there must be a decomposition 
= ie = Mie —> 
i=1 i=1 
=. a . . . . . 7 . 
where C;, T'; are respectively directed circuit or path in G with m, > 1,mz2 > 0. 


The following result depends on the structure of Ge 


Theorem 2.8. For a strong-connected topological graph G with decomposition 
mi m2 
G= (Gz.)Ju(O7). m, 21, m2 = 0, 
i=1 i=1 


‘ . => Zr. ‘ => 
there always exist linear G-flows G”, not all flows being zero on G. 


: ral k,k k putes 
Proof For an integer 1 <k < mj, let Cy, = uyus:: “Us, and L { u; = Vk, 


where i + 1 = (mods). Similarly, for integers 1 < 7 < ma, if vie = wi wi ---w!, let 
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L (wit) = 0. Clearly, the conservation law hold at Vu € V (c) by definition, 


A 
and each flow L (ui) , «+1 = (mods;,) is linear determined by 


uk ub ee ‘ 
t(an) = (ab )+oxO YD z+ Oxf) 
J#t vENG, (uf) J=1 vENg, (uk) 


m2 


= vet0+S, So O= vy. 


J=l vENZ (uk) 
5 


=> => => 
Thus, G” is a linear solvable G'-flow and not all flows being zero on G. 


as 
All G-flows constructed in Theorem 2.8 can be also replaced by vectors depen- 

dent on the time ¢, i.e., v(t). Furthermore, if m1 > 2, there is at least two circuits 

CC’ in the decomposition of G. Let flows on C and C’ be respectively x and 

=> 
f(x,t). We then know the conservation laws hold for vertices in G, and similarly, 
— 
there are indeed flows on G determined by ordinary differential equations. 


Theorem 2.9. For a strong-connected topological graph G with decomposition 


mi m2 
G= (Gz.)Ju(O7). my, 2 2, m2 = 0, 
i=1 i=1 

=> => => 
there always exist ordinary differential G-flows G”, not all flows being zero on G. 


=> => 
For example, the G-flow shown in Fig.4 is an ordinary differential G-flow in a 
vector space if x = f(x,t) is solvable with x|:=1, = Xo. 


f(x, t) 


f(x, t) 


Fig.4 
Similarly, we know the existence of non-trivial partial differential G-flows. Let 


X = (#1, %2,-++ , Xp). If 


1 xi(t, $1, $2, ° is , 8n—1) 
u=ult, $1, 82,°°° 1 8n—1) 
pi = pilt, $1,$2,°*+ ,8n-1), 4=1,2,---,n 
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is a solution of system 


dx dx dx<n du 
Fo, Fo, Fy, 3 DiF p, 
t=1 
A te dp, — — dpn — dt 
Fy, + pi Fu Fy + pn Fu 
with initial values 
Lig = Lig ($1, 52,7 °° SSn<a), uo = uo(s1, 52,7 °° 8n=1) 
Pio = Dio ($1, 825°°* ,$n—1), 4= 1,2, on 
such that 
F (Gig ony “ty Ung5U, P19; P20." °° Dia.) =0 
Ot 3 Le ee Be 1 
aa i =v, H1,4,°°°,n— 1, 
Os; F Pip Os; J 
=0 
then it is the solution of Cauchy problem 
F (21,22, “tt 5 Un, U,P1,P2,°°° + Pn) =0 
Lio = 2;,(81, $2,-°° ,$n—1), Uo = Uo(S1, $2,°°° Sn) > 
Dis = Din, (814-5952"* 4 Snt), 7=1,2,---,n 


Ou OF 
where pj = —— and F,, = — for integers 1 <2 <n. 
Ox; OD; 
For partial differential equations of second order, the solutions of Cauchy problem 
on heat or wave equations 


Oru “Pu 
Ou yWn Ou ae by 
pee peat 2 2 
Bf 2a be 2 cn 
i=l" Ou 
ult=o = 9 (x) uk-0 = 9(X), Bl =o (x) 
t=0 
are respectively known 
1 Toe (4-91) 2+: (an —yn)? 
u(x,t) = —/ =e P(Y15+** 5Yn)dyr +++ dyn 
Gry? J. 


for heat equation and 


a 1 1 
u (v1, £2, %3,t) = a x | eas +o | ws 


for wave equations in n = 3, where S4/ denotes the sphere centered at M (x1, x2, £3) 


with radius at. Then, the result following on partial G-flows is similarly known to 
that of Theorem 2.9. 
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Theorem 2.10. For a strong-connected topological graph G with decomposi- 
tion 


é-(Ue)u(U7). my, > 2, mz > 0, 
i=l 


i=l 


. . . . 4 ee . a 
there always exist partial differential G-flows G”, not all flows being zero on G. 


= 
3. OPERATORS ON G-FLOW SPACES 


3.1 Linear Continuous Operators 


Definition 3.1. Let T € @ be an operator on Banach space ¥ over a field ¥. 
=> => 
An operator T: G” — G” is bounded if 


[z(e*) I <ele"| 
=> =>. 
for VG" € G” with a constant € € [0,00) and furthermore, is a contractor if 


[Ren = rte es|ee=e) 


for VG", G41 € GY” with € € (0,1). 


=>. => 
Theorem 3.2. Let T: G” — G” bea contractor. Then there is a uniquely 
=> =>. 
conservation G-flow G’ € G” such that 


T (c*) = GE, 
=> =. => 
Proof Let G'° € G” bea G-flow. Define a sequence art by 


Gh =T (Gl 
GhaT (Gh) 77 (Ee): 


aT . . Ay . . 
We prove {G =“ is a Cauchy sequence in G’. Notice that T is a contractor. 
For any integer m > 1, we know that 


[eter Be =f (@) —a(@"-~) 
ae oie 
-[r (@~) -2(@"-) 


< e ere _ Gim-2 


cet s ches 


<ocem (Gh - Glo 
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Applying the triangle inequality, for integers m > n we therefore get that 


[s-- 2 


< er a BiKa 


$4e4+ Gm =iG 


< (e” Aew? fis 3 + Ent) x er = Glo 
enol — Em 


: 
-S EE ser 


Le 


— x [ee — Ge 
g 


= 


Gr 


n 


< 


for0<€ <1. 


iL AL 
Consequently, | Germ — Gr 


. AL 
> 0ifm—-ow, n> ~w. So the sequence { G = 


is 

is a Cauchy sequence and converges to G”. Similar to the proof of Theorem 2.5, 
=> =>. 

we know it is a G-flow, ie, G’ € G”. Notice that 


[er=2(e)| -2|G e/a |e= rae") 
BP xe pe| Gea 


=> => 
Let m — co. For 0 < € < 1, we therefore get that Kel —-T (G*) | = 0, ie., 
=> => 
T( Gh) Ge 
For the uniqueness, if there is an another conservation G-flow Gu € GY” holding 


with T (cv) = GL, by 


|e = Gu 


2 


 fr(@)-2(")] <efo—-@ 


=> Dr 
it can be only happened in the case of G’ = G" for0<€ <1. 


Definition 3.3. An operator T : GY’ = G” is linear if 
(XG 4G) = x0 (Gh) + yr (B) 


=> > ay ; : => Ar, 
for VG",G"2 € G” and \,u € F, and is continuous at a G-flow G”° if there 
always exist a number d(e) for Ve > 0 such that 


fr @)-2(@))<e or ee-a 


< (e). 


The following result reveals the relation between conceptions of linear continuous 
with that of linear bounded. 


a FAW <4 : ‘ : 
Theorem 3.4. An operator T: G” — G” is linear continuous if and only if 
it is bounded. 


Proof If T is bounded, then 


je(@)-2(@%)], = Ja (@-2) 


Je(* 2) 
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>, 3 =. 
for an constant € € [0,00) and VG", Go ¢ G”. Whence, if 


a+ -G*| < ole) with ie) =F, € #0, 


then there must be 
=> => 
|r (Gt - 6) 


7. . . . 
ie., T is linear continuous on G”. However, this is obvious for € = 0. 


l<e 


= 
Now if T is linear continuous but unbounded, there exists a sequence {G% 


Gt such that 


er =n ]e 
Let 
a a <Gte 
Then |e = ie |r (62) 
inl = fe (ee) 
Na i ce 
aa ee 


a contradiction. Thus, T must be bounded. 


The following result is a generalization of the representation theorem of Fréchet 
=> => => 
and Riesz on linear continuous functionals, i.e., T: G” — C on G-flow space G”, 
where C is the complex field. 


Theorem 3.5. _Let T:G ay — C be a linear continuous functional. Then there 
is a unique Gl ¢ G” such that 


T(e")=(G",G") 


Proof Define a closed subset of G” by 
N(T) = { Gre eG” T (c*) = 0} 
=>. => 
for the linear continuous functional T. If (T) = G”, ie, T (G*) = 0 for 
VG" € G”, choose G¥ = O. We then easily obtain the identity 
ZL L AL 
EG") (GPG). 

Whence, we assume that .’(T) # G”. In this case, there is an orthogonal decom- 
position 


for VG" € GY. 


G% =N(DeNV+(T) 
with (T) # {O} and W+(T) ¢ {O}. 
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=> => => 
Choose a G-flow G¥° € W+(T) with G%° ¢ O and define 


a = ((@"))B(r(@)) 2 
for VG" € GY. Calculation shows that 
wUGe an (Gt (ea) = (Gr) mK) =, 
ie, GY €.V(T). We therefore get that 
ic< (Ge, Gt) 
((t(6")) e% — (r(e")) ee) 
1 (*) (GG) (Ge) (Ge ae), 


2 
Notice that (Gt, Gt ) a er 


#0. We find that 


= jo 
T (c*) = ee (at, G\ = (a He) at) ; 
Let 
Gt ae) Glo — Go, 
GFo 


———— 
where \ = *{e) We consequently get that T (G*) = (Gr Gt) . 


% 


Now if there is another G"’ € G” such that T (G*) = car Gh) for VGE € 
Pat 
— Gt 


=>. >, 3 
G”, there must be (G hoGe eS = 0 by definition. Particularly, let G Gis 
ey 


+7 


which implies that G” 


3.2 Differential and Integral Operators 


Let Y be Hilbert space consisting of measurable functions f (a1, 72,--- ,%p,) on 
a set 


A = {x = (#1, 22,°++ , Un) € R"la; < aj <0;,1 <i <n} 
i.e., the functional space L?[{A], with inner product 


(f ( x)) = f Fee) x)dx for f(x), g(x) € L?[A] 
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AW a. : - at : : 
and G” its G-extension on a topological graph G. The differential operator and 
integral operators 


>. 
on G” are respectively defined by 


=> 


DGE = GPL’) 


and 


QI 
! 


’ 


i) H K(x, y)GEldy — Gla K(x y)L(u" )lyldy 
A A 
ys 


for V(u,v) € x (@), where aj, ae € CA) for integers 1 < i,j <n and 
ty 


K(x,y): Ax A> CeEL?(AxA,C) with 


Ql 
! 


i | K(x, y) GLldy = Gla K(x,y)L(u” )[y]dy 
A 


K(x, y)dxdy < oo. 
AxA 


Such integral operators are usually called adjoint for i, = | by K (x,y) = 
A A 


K (x,y). Clearly, for Gh Gls eG” and A, MEF, 


D ( VGH") pata’)) _p CQ) — GPL (u")+uL2(u")) 
= GPL (u"))+D(wL2(u")) _ GDOALu")) 4 GD(uL2(u")) 


Lif) (Gone if Giataw"))) ~\p (ene) 4D (uGem) 
for V(u,v) € X (c), ie., 
D (G" + pat) = \DG™ + uDG??. 


Similarly, we know also that 


i (Ge + 4G") =x Gh +uf Gt, 
A A A 


/ (ach + 4G") = af Gh +uf Gt. 
A A A 


“Tf >. 
Thus, operators D, | and / are al linear on G”. 
A A 
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e el 
t : t = 1 1 
_ 

- 

et b(t) 
aS = pe 
<< a ty 


Fig.5 


For example, let f(t) =t, g(t) = et, K(t,rT) =t? +7? for A = [0,1] and let Gt 
=> 
be the G-flow shown on the left in Fig.6. Then, we know that Df = 1, Dg = e’, 


1 1 2 
t 1 
[ Kens nar = [KC K(t,r)f (r)ar = f (? +77) rdr = — + — =a(t), 


1 1 
‘i K(t,7)g ar = [RR K(t,7)9 (rar = | (t? +77) edr 
0 0 


=(e-1?+e-2= 40) 


: AL AL ap = Bi : : : 
and the actions DG”, G” and G” are shown on the right in Fig.5. 
[0,1] [0,1] 
>. 
Furthermore, we know that both of them are injections on G”. 
=> 


Theorem 3.6. D: G¥=s Gv and [ : Ga’ = a”. 
A 


sr ny aa Sr ay 
Proof For VG” € G’, we are needed to show that DG” and G° EG’, 
A 


i.e., the conservation laws 


S> DL(u”)=0 and SO [ow 


veNg(u) ve Na(u) 
fo 
ies vee Vv (¢). 


Fa v Ay 
However, because of G'“") € G”, there must be 


S- L(u’) =0 for wev(@), 


ve Na(u) 


EJMAA-2015/3(2) EXTENDED BANACH G-FLOW SPACES 77 


we immediately know that 


and 


Se 


veENg(u) vENaG(u) 


Zs 
4. G-FLOW SOLUTIONS OF EQUATIONS 


As we mentioned, all G-solutions of non-solvable systems on algebraic, ordinary 
or partial differential equations determined in [13]-[19] are in fact G-flows. We 
show there are also G-flow solutions for solvable equations, which implies that the 
G-flow solutions are fundamental for equations. 


4.1 Linear Equations 


Let ¥ be a field (.¥;+,-). We can further define 
Gi O° G2 = Giils 


with Ly - Do(u”) = Li(u”) - Lo(u”) for V(u,v) © X (¢). Then it can be verified 


easily that G G? is also a field (G7 ae 0) with a subfield F F isomorphic to F if 


the conservation laws is not emphasized, where 


F= ee € GFL (u”) is constant in ¥ for V(u,v) € X (c)} ; 


Clearly, GF x g*(4)I, Thus |e7| = =p |2(2)| if |¥| = p”, where p isa 


iz 


prime number. For this .¥-extension on G, the linear equation 


=> 


aX = G? 


is uniquely solvable for X = Gt"L in GF if0 #a€F. Particularly, if one views 
=> 
an element b € ¥ asb = GE if L(u ”) = for (u,v) € X (G) and 0 #a€ F, then 


an algebraic equation 
ax =b 


. . . a. . . — -1 ‘* 
also is an equation in G? with a solution z = G* ” such as those shown in 
=> => 
Fig.6 for G = C4, a= 3, b= 5 following. 
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efor 
wlor 


efor 


voor 


Fig.6 


Let Peale 


the matrix [Li; (u’) ayn 
systems is known following. 


be a matrix with entries Lj; : u” > VY. Denoted by [Ljj],,,.., (u”) 


Then, a general result on G-flow solutions of linear 


Theorem 4.1. A linear system (LES?) of equations 


a1 

ay4X1 aj2X9 free AinXn = G 1 
=> 

L 

ao1X1 cr a22X9 Sie Aon Xn = G é 


(LES;;,) 


AL 
Qm1X1 aE Am2X2 a en AmnXn = GG 


=> => 
with a,j € C and Gi € G” for integers 1 <i <n and 1< J < mis solvable for 
XE G*. 1<i<mif and only if 


rank [aij]... = Tank lawl cia) (u”) 


5 
for V(u,v) € G, where 


a1. 42 Qin Ly 
ate _ | aa age dan Le 
aij mx(n+1) ~~ Lae 

aml Am2 Amn Lm 


=> => 
Proof Let X; = G*% with L,,(u”) € VW on (u,v) € X (¢) for integers 


l<is<n. For V(u,v) EX (c), the system (LES) appears as a common linear 
system 


AmiLy, (U’) + GmaLa, (u”) +-+++ AmnLe, (u”) = Dm (u”) 
By linear algebra, such a system is solvable if and only if ({4]) 
rank [eijlmxn = rank ere (u’) 


for V(u,v) € G. 
Labeling the semi-arc u” respectively by solutions Ly, (u”), De, (u’), +++ , Le, (u”) 
=> => => => 
for V(u,v) € X (Gc), we get labeled graphs G'1, G¥22,-.-- , G4en. We prove that 


=> => => =>. 
Get, G Pee oie Ghee eG. 
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Let rank [a,;] =r. Similar to that of linear algebra, we are easily know that 


mxn 


=> 
—_ Ly 
j= De CU Gt + C141 X54, $77 Cin Xj, 
i=l 
mt => 
L; 
ja = DCG + Car 41 X54, +++ ConX jn 
i=1 ’ 


w=1 
where {j1,:-+ jn} = {1,--- ,n}. Whence, if GU tien yon Gti € eee then 
ee Cri Li (u”) 

veENG(u) vENG(u) i=1 

+ DE cart iDas gy W) ++ DT Condes, (u") 

veNog(u) veENg(u) 
= S- Chi S- Lj (u") 
i=1 ve NaG(u) 


terre1 J) Lo, (u)teten So Le, (u’) =0 
veENg(u) vENG(u) 


Whence, the system (LES) is solvable in et 


The following result is an immediate conclusion of Theorem 4.1. 
Corollary 4.2. A linear system of equations 


G11 Ly + A42%Q + +++ + Any = by 
G21 L1 + A922 +++ + Any = be 


Am1XL1 + Am2%2 + +++ + Amntn = bm 
with aij,b; € ¥ for integers 1 <i<n,1 <j <m holding with 


= rank [ai;]* 


rank [a:3] mx(n+1) 


mxn 


has G-flow solutions on infinitely many topological graphs G. 


Let the operator D and A C R” be the same as in Subsection 3.2. We consider 
> 
differential equations in G'” following. 


Theorem 4.3. For VG" € Gr, the Cauchy problem on differential equation 
DG = G" 


. . . . AX\, 50% ALo 
is uniquely solvable prescribed with G7 '*"=*n = G*°, 
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Proof For V(u,v) © X (¢), denoted by F'(u”) the flow on the semi-arc u”. 


Then the differential equation DG* = G" transforms into a linear partial differen- 
tial equation 


i=1 

on the semi-arc u”. By assumption, a; € C°(A) and L(u”) € L?[A], which 
implies that there is a uniquely solution F'(u”) with initial value Lo (u’) by the 
characteristic theory of partial differential equation of first order. In fact, let 


0; (41, 22,7: , Un, F), 1<i<n be the n independent first integrals of its charac- 
teristic equations. Then 


F (u’) _ F' (u”) = Lo (a. ae iis) € L(A], 
where, 2{,7,--- ,;,_, and F” are determined by system of equations 


pr (a1, %2,°+° eae) = ¢ 
o2 (Bi, 22,7 : Met ae) = by 


Clearly, 


Dl) So. Fe y= > Dew) = SS aw) S60. 
vENg(u) vENG(u) veENG(u) 
Notice that 


Ss! oF’) = S© Iu”) =0. 


ve Neg(u) tn =x veENG(u) 
We therefore know that 
S° F(u’) =0. 
vENG(u) 


. . Ax AP Ay . 
Thus, we get a uniquely solution G* = G“ € G” for the equation 
DG*=G? 


: ‘ eke AX, =70 _ ALo 
prescribed with initial data G7 '*»="» = G”°, 


We know that the Cauchy problem on heat equation 


is solvable in R” x R if u(x,to) = v(x) is continuous and bounded in R”, ca 
=> => 
non-zero constant in R. For G4’ € G” in Subsection 3.2, if we define 


OCU). S55 AGE 4 at 
<—=G% and = GB, 1<i<n, 
Ot Ox; 
then we can also consider the Cauchy problem in e@. iLe., 
Ox 
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with initial values X|,=:,, and know the result following. 


=>ry ts 
Theorem 4.4. For VG" € G” and a non-zero constant ¢ in R, the Cauchy 
problems on differential equations 


=r —> >, 
with initial value X|;-1, = G’ € G” is solvable in G” if L’(u”) is continuous 
and bounded in R” for V(u,v) € X (c). 


=> 


Proof For (u,v) € X (c), the Cauchy problem on the semi-arc u” appears as 


with initial value ulzio = L’ (u”) (x) if X = GF. According to the theory of partial 
differential equations, we know that 


v 1 FOO (eye)? +---+(en—vn)? v 
Fw) = arg | e€ at L' (u”) (yt, +++ 5 Yn) dy +++ dyn. 


Labeling the semi-arc u” by F'(u”) (x, t) for V(u,v) © X (¢), we get a labeled 
=> => => => 
graph GF on G. We prove G’ € G”. 
>; 0 lo. => 
By assumption, G’ € G”, ie., for Vu eV (¢), 


S> 1 (u®) (x) =, 


vENeG(u) 
we know that 
S) F(u’) («,t) 
ve Ng (u) 
1 FOO yy)? 4+ (en yn)? 
ee Col yPao se L! (u”) (yis+++ Yn )dyn +++ dyn 
vENG(u) - 
1 TOC (yy)? +--+ (en=yn)? * 
=aor/ e€ o Ds L'(u®) Yis-++ Yn) | dys dyn 
=, veNa(u) 
1 TOC yey)? +++ (en =yn)? 
for Vu € V (¢). Therefore, GF € Ga” and 
OX genx 
ae er 


: diceye At ny 7 . ny 
with initial value X|:24, = G” € G” is solvable in G”. 
Similarly, we can also get a result on Cauchy problem on 3-dimensional wave 
=>. 
equation in G” following. 
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=>, => 
Theorem 4.5. For VG" € G” and a non-zero constant c in R, the Cauchy 
problems on differential equations 


BX 2 (PX PX wx 
ote Ont 3008 > aie 
ate =>. =>. 
with initial value X|;-1, = G’ € G” is solvable in G” if L’(u”) is continuous 
and bounded in R” for V(u,v) € X (G). 


For an integral kernel K (x,y), the two subspaces .’,.’* C L?[A] are deter- 
mined by 


N 


{69 1414) ff Koay) oty)dy = 060}, 


w= fey e niall f KR vedy = oo}. 


Then we know the result following. 
Theorem 4.6. For VG" € Gu if dim. VY = 0, then the integral equation 
ax f ax—e 
A 
=. 
is solvable in G” with V = L?[A\] if and only if 
man AL AL! a 
(GP G" at, VEX ea 


Proof For V(u,v) € X (¢) 
Gx aes =G! and (eaG* =0, VG" ew 
on the semi-arc u” respectively appear as 
F(x)— f Ky) F(y)dy = E(u") bd 
if X (u’) = F (x) and 
i. LT (u®) [x|L’ (u”) [xjdx = 0 for VGU' ey. 


Applying Hilbert and Schmidt’s theorem ((20]) on integral equation, we know 
the integral equation 


F(x)— f Ky) F(y)dy = E(u") bd 
is solvable in L?[A] if and only if 
‘, L (u”) [x]L’ (u”) [x]dx = 0 
A 


for VGE' € W*. Thus, there are functions F(x) € L?[A] hold for the integral 
equation 


F(x)— f Ky) Fy) dy = E(u") bd 
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= . . 
for V(u,v) € X (¢) in this case. 
=> 
For Vu € V (G), it is clear that 


S (# (wba - i, K(x, ¥)F (w”) xl) = S> Lu") fe] =0, 


vENg(u) 


which implies that, 


a Kay) | SS Fw)bl) = SD Fw) pe. 


veNg(u) veNg(u) 
Thus, 
F (u”) [x] € .%. 
veENG(u) 
However, if dim.VY = 0, there must be 


S° F(u’) [x] =0 


ve Na(u) 


=> => => 
for Vu € V (c), ie., GP € G”. Whence, if dim. % = 0, the integral equation 
ax [ Gx -0 
A 


a 
is solvable in G” with V = L?[A] if and only if 
(Gt.80) <0, vee 


This completes the proof. 


Theorem 4.7. Let the integral kernel K(x,y) : A x A — C € L?(A x A) be 
given with 


| |K(x,y)|?dxdy >0, dim” =0 and K(x,y) = K(x,y) 
AxA 


for almost all (x,y) € A x A. Then there is a finite or countably infinite system 
G-flows {art Cc L?(A,C) with associate real numbers {;},_, 9... C R 
— 524 we Ft) 
such that the integral equations 
A 
hold with integers i = 1,2,---, and furthermore, 


Proof Notice that the integral equations 
| K(x, y)Ghilldy = d, Glib 
A 


is appeared as 
I K(x, y)Li (u’) [yldy = AsLs (u’) bx] 
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on (u,v) € X (G). By the spectral theorem of Hilbert and Schmidt ([20]), there is 


indeed a finite or countably system of functions {Z; (w”) [x]}:=1,2,... hold with this 
integral equation, and furthermore, 


|A1] > |Ag]>--->0 with lim A; =0. 
Similar to the proof of Theorem 4.5, if dim.Y = 0, we know that 


S> Lj (u") | =0 


veENG(u) 


=> => =. 
for Vu € V (c), ie., Gl € G” for integers i = 1,2,---. 


4.2 Non-linear Equations 


Ss 
If G is strong-connected with a special structure, we can get a general result on 

3. 

G-solutions of equations, including non-linear equations following. 


= 
Theorem 4.8. If the topological graph G is strong-connected with circuit 
decomposition 


2 


=1 
such that L(u”) = L; (x) for V(u,v) € X (2), 1 <i<lJand the Cauchy problem 
{ Fj ROG UE Uh 9 1 5 Uan, Uayr25°"* -) = 0 
Ux, = Li(x) 

is solvable in a Hilbert space Y on domain A C R" for integers 1 <i <1, then the 
Cauchy problem 

Fy; (0s AGG 4 5 Mens A aysiss? *) =0 

=> 
A= Ge 


=> =>. 
such that L (u”) = L;(x) for V(u,v) € X (2) is solvable for X € G”. 


Proof Let X = G/«9 with Lux) (u”) = u(x) for (u,v) € X (G). Notice that 

the Cauchy problem 

F; (x, X,Xn,,°° : » Xan) Xara” ) =0 

Xi = GC" 
then appears as 

{ ss (X, U, Uns, *** , Ux, Unie." *) =0 
Ulxy = Li(x) 

on the semi-arc wu” for (u,v) € X (c), which is solvable by assumption. Whence, 
there exists solution u (u”) (x) holding with 


F; (X, U, Usys°** ; Wags Unrees***) =0 
lag = Lal) 
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Let Glue) bea labeling on G with u (u”) (x) on u” for V(u,v) € X (G). We 


AL Ay . 
show that G*«@ € G”. Notice that 


wg 

and all flows on C’; is the same, i.e., the solution u (u”) (x). Clearly, it is holden 
> 

with conservation on each vertex in C’; for integers 1 <7 < 1. We therefore know 


that 
S- Lz, (u”) = 0, ueV(G), 
véNa(u) 


ZL. ny : 
Thus, G*“@) € G”. This completes the proof. 


There are many interesting conclusions on G-flow solutions of equations by The- 
orem 4.8. For example, if .F; is nothing else but polynomials of degree n in one 
variable x, we get a conclusion following, which generalizes the fundamental theo- 
rem in algebra. 


Corollary 4.9.(Generalized Fundamental Theorem in Algebra) If Gis strong- 
connected with circuit decomposition 


and L;(u’) = a; € C for V(u,v) € X (¢:) and integers 1 <i < 1, then the 


polynomial 
F(X)=Gh oX" 4 Glzo xX714...4 Gino X 4 Glatt 


always has roots, i.e., Xo € GC such that F (Xo) = O if Gh #Oandn> tl. 
Particularly, an algebraic equation 


aye” + age 1 4+---+ ane tani =0 


=> => 
with a, #0 has infinite many G-flow solutions in G© on those topological graphs 
l 


G with G=Jd.. 


i=1 


oy 
Notice that Theorem 4.8 enables one to get G-flow solutions both on those linear 
and non-linear equations in physics. For example, we know the spherical solution 


ds? = f(t) (1 = “2) We 


yt 
Tr 


dr? — r?(d0? + sin? 0d¢") 


for the Einstein’s gravitational equations ((9]) 
1 
RY — gftah = —8nGTh” 


with RY” = REY = ggRH8", R= g,,R”, G = 6.673 x 10-8em3/gs?, « = 

=> 
8rG/c* = 2.08 x 10-*%em7! - g-! - s?.. By Theorem 4.8, we get their G-flow 
solutions following. 
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Corollary 4.10. The Einstein’s gravitational equations 
1 
RY gfa = —81GT"”, 


has infinite many G-flow solutions in GS, particularly on those topological graphs 


— { =. . . . . . 
G= U C’; with spherical solutions of the equations on their arcs. 
i=1 


For example, let G a Cx. We are easily find Ca-flow solution of Einstein’s 
gravitational equations,such as those shown in Fig.7. 


Uy Si v2 
S4 So 
V4 S3 U3 
Fig.7 
where, each $; is a spherical solution 
ig 1 
ds? = f(t) (1 é =) dt? — ——-dr? — 1°(d6? + sin? dg”) 
r lasing ass 


of Einstein’s gravitational equations for integers 1 <7 < 4. 
As a by-product, Theorems 4.5-4.6 can be also generalized on those topological 
graphs with circuit-decomposition following. 


Corollary 4.11. Let the integral kernel K(x,y): A x A = C € L?(A x A) be 
given with 


| IK euy)Paxay > 0, KRY = Ky) 
AxA 
for almost all (x,y) € A x A, and 
l 
B= [z, 
i=1 


such that L(u”) = Ly (x) for V(u,v) © X (¢:) and integers 1 <i<J. Then, the 


integral equation 
@_ [dX =0! 
A 
>, 
is solvable in G” with VY = L?[A] if and only if 


(24,0) =0, vVa¥ ew 
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Corollary 4.12. Let the integral kernel K(x,y): A x A — Ce L?(A x A) be 
given with 
| IK euy)Paxay > 0, KRY = Ky) 
AxA 


for almost all (x,y) € A x A, and 


such that L(u’) = Ly (x) for V(u,v) © X (63) and integers 1 < i < Jl. Then, 
there is a finite or countably infinite system G-flows {art GIP. C) 
i=1,2,-- 


with associate real numbers {A; } _C R such that the integral equations 


i=1,2,-- 
A 


hold with integers 7 = 1,2,---, and furthermore, 
|Ai| > |A2]>--- 20 and lim 4 =0. 


5. APPLICATIONS TO SYSTEM CONTROL 


5.1 Stability of G-Flow Solutions 


=> => 
Let X = Glee and Xp = G4 be respectively solutions of 
F(R; Keys y Acai Maas) =0 
=> => => 
on the initial values X|x, = G” or X|x, = G™ in G” with V = L?[Al, the 


Hilbert space. The G-flow solution X is said to be stable if there exists a number 
d(€) for any number ¢ > 0 such that 


\|X4 _ X>|| = Grae = Gluc <eé 
if |e 4 G2 < d(e). By definition, 
x4 => 
|e" ~ G+| = SO |i ’)-Lwu")Il 
(uv)ex(G) 
and 


= SS ta @") &) - wu") CII. 


(uv)ex(G) 


=> —= 
| Glucw — Glue 


Clearly, if these G-flow solutions X are stable, then 


lun (u”) ) —u(u*) (XI SS fea (u®) (&) — uu”) (XDI <e 


(uv)ex(G) 


i @u’)-Lwy< SD aw’) - L(u")|| < 6), 
(uv)ex(G) 


i.e., u(u”) (x) is stable on u” for (u,v) € X (c). 
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Conversely, if u (u”) (x) is stable on u” for (u,v) € X (c), i.e., for any number 


e/eé (¢) > 0 there always is a number 6(¢) (u”) such that 


ie 


Ilr (w") (x) — u(u) (x) || < (a) 


if ||Zi (u?) — L (u’)|| < d(e) (u’), then there must be 


S > fur (u®) (x) — u(u”) (XI <e (@) x SS 
(u»ex(@) @) -(¢) 


[Za (u®) — LE (u®) I] 


IA 


=> => 
where € (G ) is the number of arcs of G and 


5(e) = min {5(e) (u”) (u,v) © X (<)} 


Whence, we get the result following. 


Theorem 5.1. Let Y be the Hilbert space L?[A]. The G-flow solution X of 
equation 
F (x, X,Xe,,°°+  X2,,Xay295''') = 9 
= 
bg ees 


in G” is stable if and only if the solution u(x) (u”) of equation 


Ge — 

{ F (X, U, Usys*** , Uany Unites? **) =0 

oa 
Ulxo = G 


is stable on the semi-arc wu” for V(u,v) € X (¢). 


This conclusion enables one to find stable G-flow solutions of equations. For ex- 
ample, we know that the stability of trivial solution y = 0 of an ordinary differential 
equation 

dy A 
qx 7 ly 
with constant coefficients, is dependent on the number y = max{ReA : A € o[A]} 
([23]), ie., it is stable if and only if y < 0, or y = 0 but m’(A) = m()) for all 
eigenvalues \ with ReA = 0, where o[A] is the set of eigenvalue of the matrix [A], 
m(A) the multiplicity and m’(\) the dimension of corresponding eigenspace of A. 


Corollary 5.2. Let [A] be a matrix with all eigenvalues \ < 0, or y = 0 but 
m'(A) = m(A) for all eigenvalues A with ReA = 0. Then the solution X = O of 


differential equation 


dX 
a [A] Xx 


. . AV ead . . = 
is stable in G” , where G is such a topological graph that there are G-flows hold 
with the equation. 
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For example, the G-flow shown in Fig.8 following 
V1 g(x) vg 


Fig.8 


= 
is a G-flow solution of the differential equation 


d2X dX 
— —+6X =0 
dx? v9 ae = 


with f(z) = Cie~?* + Cie~** and g(x) = Coe~?* + Che~3”, where C),C} and 
C2, C4 are constants. 

Similarly, applying the stability of solutions of wave equations, heat equations 
and elliptic equations, the conclusion following is known by Theorem 5.1. 


Corollary 5.3. Let VY be the Hilbert space L?[A]. Then, the G-flow solutions 
X of equations following 


O7X OFX OX 

ae Want ay Gt 

Ot? Oxi Ons 
X |, = Greer), — — Glew), X laa — CLinteean) 

° Ot |i, 
OPX Ox OX OPK OX 
~? =G! ae a tn 

0? Oxy and Oxi 0x5 Oxs 

Xt, = G Po(e1,22) Xian = G¥s(e1,#2,23) 


a yy =>. . => 
are stable in G’” , where G is such a topological graph that there are G-flows hold 
with these equations. 


5.2 Industrial System Control 


An industrial system with raw materials M,, Mo,--- ,M,, products (including 
by-products) P;, P2,---,Pm but wi, we,--:,ws wastes after a produce process, 
such as those shown in Fig.9 following, 
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XY Y1 


In 


i.e., an input-output system, where, 


aoa 


Fig.9 


(Yi, Y2,°°° Ym) = F (a1, 2%2,°-- fn) 


determined by differential equations, called the production function and con- 
strained with the conservation law of matter, i-e., 


m s n 
~ ~ ~ 
t=1 w=1 w=1 


Notice that such an industrial system is an opened system in general, which can 
be transferred into a closed one by letting the nature as an additional cell, i.e., 
all materials comes from and all wastes resolves by the nature, a classical one on 
human beings with the nature. However, the resolvability of nature is very limited. 
Such a classical system finally resulted in the environmental pollution accompanied 
with the developed production of human beings. 

Different from those of classical industrial systems, an ecologically industrial 
system is a recycling system ([24]), i.e., all outputs of one of its subsystem, including 
products, by-products provide the inputs of other subsystems and all wastes are 


disposed harmless to the nature. Clearly, such a system is nothing else but a G-flow 
because it is holding with conservation laws on each vertex in a topological graph G, 
where G is determined by the technological process for products, wastes disposal 
and recycle, and can be characterized by differential equations in Banach space Ga”. 
Whence, we can determine such a system by Glo with Ly su? > u(u’) (t,x) for 
(u,v) EX (c), or ordinary differential equations 


=F L AL. Se 
G*°o roca ape x) =O 
k-1 
X | pt = Glnow, dx = Gime, ree, dxX* = Gem) 
. dt | pg Cas ar 
=to =to 
for an integer k > 1, or a partial differential equation 
Ge ge eg Oh. ag Oe — Gluten) 
Ot Ox OL, 
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and characterize its stability by Theorem 5.1, where, the coefficients Gh ,4 > O are 


determined by the technological process of production. 
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